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Our aim in this work is to outline some physical consequences of the interaction between black
holes and scalar field halos in terms of gravitational waves. In doing so, the black hole is taken
as a static and spherically symmetric gravitational source, i. e. the Schwarzschild black hole, and
we work within the test field approximation, considering that the scalar field lives in the curved
space-time outside the black hole. We focused on the emission of gravitational waves when the
black hole is perturbed by the surrounding scalar field matter. The symmetries of the spacetime
and the simplicity of the matter source allow, by means of a spherical harmonic decomposition, to
study the problem by means of a one dimensional description. Some properties of such gravitational
waves are discussed as a function of the parameters of the infalling scalar field, and allow us to make
the conjecture that the gravitational waves carry information on the type of matter that generated
them.
PACS numbers: 02.30.Jr, 04.30.Db, 04.30.-w, 11.15.Bt, 95.30.Sf, 98.62.Mw
I. INTRODUCTION
The scalar field is a current research subject in a large
variety of areas. In particular, in Astrophysics, the scalar
field has played a central role in developing alternative
theories to the general relativity theory [1]; and more par-
ticular to our aim, in developing the possible existence
of stable compact objects, the boson stars [2] or the os-
cillatons [3, 4]. Furthermore, the scalar field is a solid
candidate for describing the nature of dark matter [5, 6].
The fact that the scalar field interacts negligibly with
barionic matter, makes it difficult to detect scalar objects
and, also, to test the viability of the scalar field as dark
matter candidate, a feature common to any dark matter
model. Given this problem, one could wonder about the
possibility, at least in principle, that the gravitational
waves associated with the dynamics of a scalar field, ei-
ther by collision of scalar objects, or by accretion of a
scalar field unto a black hole, would carry information
that identified them as generated by such scalar field dy-
namics. Specifically, when a black hole is perturbed by
the infall of matter, do the gravitational waves gener-
ated carry some information on the type of matter which
generated them?
The theory of scattering of scalar pulses by black holes
is very well established, (see, for instance, [7, 8]) however,
the response of the black hole to such accretion has not
been developed. In this paper we fill this gap and, by
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means of perturbation theory in the frame of Newman-
Penrose formalism, we study the problem of accretion
of a scalar field onto a non rotating black hole and the
corresponding gravitational wave generation.
The determination of the sources of gravitational waves
which, in turn, could be observed by the gravitational
wave detectors, has been the central problem in Nu-
merical Relativity Astrophysics. The strongest candi-
dates for the current detectors are the gravitating binary
systems, involving highly non-linear evolutions of either
black holes or neutron stars. The emision of gravita-
tional waves due to the collision of a Boson Stars binary
system has also been studied, [9, 10], showing a different,
richer, behavior of the gravitational profile than that cor-
responding to the black hole collision. These results show
that indeed, the gravitational waves carry some informa-
tion about the sources which generated them. The case of
a black hole - boson star collision has, to our knowledge,
not been discussed. We hope that the results presented
in this manuscript will encourage the research along this
line.
We want to mention also the phenomenon known as
gravitational wave burst with memory, proposed by Bra-
ginski and K. Thorne and by D. Christodoulou [11, 12],
see also [13], and [14] for a recent development. This
phenomenon describes how a distribution of test parti-
cles, once a gravitational wave passes, does not go back
to the original distribution, these particles have ”a mem-
ory” that the wave passed. The phenomenon appears
also by the fact that at late time and early time values of
at least one of the gravitational wave polarizations differ
from zero [15].
The gravitational wave with memory could be enriched
with the results presented in this manuscript. As the
2distribution of test particles has memory that the grav-
itational wave passed, it would also have an imprint
of the tail behavior. On the other hand, the tail is a
late time manifestation of the gravitational wave, (it is
the backscattering of the gravitational wave due to the
spacetime curvature), and is a non linear effect. Thus,
it could be related to the Christodoulou memory (non
linear regime), as long as the memory is sensitive to the
entire past history of the process that generates the grav-
itational wave. Thus, a detail study of the tails will help
in obtaining an accurate description of the memory, by
means of an analysis similar to the one performed in [14].
As we will see, the gravitational wave generated by the
in-fall of the scalar field has some unique features that
differentiate them from those generated by other means,
as binary black hole collision or by the in-fall of dust
[16]. Indeed, it will be seen that the ring-down part of
the gravitational wave has the same values of the quasi
normal frequencies as those obtained in the case of a
binary black hole collision. However, the late time be-
havior of the gravitational wave generated by the scalar
field in-fall, does differ from the late time behavior of the
gravitational waves generated by other means. Thus, our
analysis allow us to conjecture that, by means of the late
time behavior of the gravitational waves, it is possible
to infer some properties of their source, and, in princi-
ple, infer the nature of the dark matter halo by means
of its imprint in the gravitational emission generated by
accretion unto the central super massive black hole.
Also, as long as it has been shown that the gravita-
tional wave generated by the perturbation of a thin dust
shell falling unto a black hole, has the same features as
the one generated by the final stage of a binary black
hole collision [16]. We conjecture that our results give a
hint on the profile of gravitational waves formed by the
collision of a black hole with a scalar compact object such
a boson star.
Our general line of work in the present manuscript con-
sists in performing a decomposition of the scalar field in
spherical harmonics. Furthermore, by using of the prop-
erties of the operators acting on the scalar field stress
energy tensor, we are able to deal with non spherical dis-
tributions within a radial description. We solve numeri-
cally the evolution for different initial distributions of the
scalar field and obtain the gravitational wave produced.
The paper is organized as follows. In Section II we
discuss the main properties in the derivation of the per-
turbation equation for a Schwarzschild space time with
arbitrary sources. In Section III we discuss the proper-
ties of the scalar field and show how the Klein Gordon
equation can be separated in radial-temporal and angu-
lar parts, resulting in a radial-temporal equation for each
mode. In Section IV we present some results obtained
by solving numerically the equation for the gravitational
perturbation when a source is modeled by a scalar field.
We analyze the infall of one Gaussian pulse of scalar field
and the gravitational response due to the variation in the
width of such pulse. Then, we study the effect of the cou-
pling of the different scalar modes in the gravitational
signal. Finally in Section V we present a discussion of
the results.
II. PERTURBATION EQUATION
The line element of the Schwarzschild black hole, in
the ingoing Kerr-Schild coordinates is given by:
ds2 = −
(
1− 2M
r
)
dt2+
4M
r
dt dr+
(
1 +
2M
r
)
dr2+r2 dΩ2.
(2.1)
In order to set up the Newman Penrose formalism we define
the null tetrad as:
lµ = 1
2
(
1 + 2M
r
, 1− 2M
r
, 0, 0
)
; kµ = (1,−1, 0, 0) ;
mµ = 1√
2 r
(0, 0, 1, i csc θ) . (2.2)
In [16, 17] was derived in detail the equation for the perturbed
Weyl scalar Ψ4, that is associated to gravitational radiation.
We consider at this point the case when the perturbation is
produced by an stress energy tensor Tµν ,[

Φ
tr +
Φ
θφ
]
Φ = 16pi r3 T, (2.3)
where we have defined the function Φ = r Ψ4, which is ex-
pected to have a constant behavior in the regions far from
the black hole due to the peeling theorem (see [18, 19]), and
where we have defined the operators:

Φ
tr = −
(
r2 + 2M r
)
∂2
∂t2
+
(
r2 − 2M r) ∂2
∂r2
+ (2.4)
4M r ∂
2
∂t∂r
+ 2 (2 r +M) ∂
∂t
+ 2 (2 r −M) ∂
∂r
+ 2M
r
,

Φ
θϕ =
∂2
∂θ2
+ 1
sin2 θ
∂2
∂ϕ2
+ cot θ ∂
∂θ
− 4 i cos θ
sin2 θ
∂
∂ϕ
−
2 1+cos
2 θ
sin2 θ
, (2.5)
and the source term T :
T =
[
Tˆ k k kµ kν + Tˆ km∗ kµm∗ν + Tˆ m∗ m∗ m∗µm∗ν
]
Tµν ,
(2.6)
with the operators described as:
Tˆ k k = − 1
2 r2
ð¯−1 ð¯0,
Tˆ km∗ = −
√
2
r
(
∂
∂t
− ∂
∂r
− 3
r
)
ð¯−1, (2.7)
Tˆ m∗ m∗ = − ∂
2
∂t2
+ 2
∂2
∂t∂r
− ∂
2
∂r2
+
6
r
(
∂
∂t
− ∂
∂r
)
− 4
r2
.
Where we have used the “eth” and “eth-bar” [20, 21]:
ðs = −
(
∂
∂θ
+ i csc θ ∂
∂ϕ
− s cot θ
)
≡ ð0 + s cot θ,
(2.8)
ð¯s = −
(
∂
∂θ
− i csc θ ∂
∂ϕ
+ s cot θ
)
≡ ð¯0 − s cot θ,
which act on the spin weighted spherical harmonics
Ys
l,m(θ, ϕ), raising and lowering the spin weight as follows:
ðs Ys
l,m =
√
(l − s) (l + s+ 1)Ys+1l,m, (2.9)
ð¯s Ys
l,m = −
√
(l + s) (l − s+ 1)Ys−1l,m. (2.10)
3Eq. (2.5), can be expressed in terms of the eth operators:

Φ
θϕ = ð¯−1 ð−2, (2.11)
and it can be shown that the spin weighted spherical harmon-
ics, with spin −2, are eigenfunctions of such angular operator:

Φ
θϕ Y−2
l,m = − (l − 1) (l + 2) Y−2l,m . (2.12)
We expanded the gravitational perturbation function in terms
of these spin weighted spherical harmonics
Φ =
∑
lm
Φl,m(t, r)Y−2
l,m(θ, φ) , (2.13)
and the perturbation equation, Eq. (2.3) becomes:
∑
lm
Y−2
l,m
[

Φ
tr − (l − 1) (l + 2)
]
Φl,m = 16pi r
3 T. (2.14)
Finally, using the orthonormal properties of the spin weighted
spherical harmonics
∮ ∑
lm
Y¯ l
′′,m′′
−2 Y−2
l,m dΩ = δl,l′′ δm,m′′ , (2.15)
we get rid of the sum over the modes in the left hand side and
get a term involving only the radial-temporal part:
[

Φ
tr −
(
l′′ − 1) (l′′ + 2)] Φl′′,m′′ = 16pi r3 S, (2.16)
where S =
∮
Y¯ l
′′,m′′
−2 T dΩ. This is the final expression needed
in order to describe the gravitational waves. Indeed, the an-
gular dependence of these waves is given by the spin weighted
spherical harmonics, and this is the equation satisfied by the
radial and temporal dependence of each mode of the gravi-
tation wave, given an specific stress energy tensor, describing
the in-fall of the matter generating the perturbation.
In the present work, we will consider the stress energy ten-
sor of a scalar field, as the source for the gravitational per-
turbation. In the next section we describe how to deal with
such source.
III. SCALAR FIELD
Let us consider the matter source to be described by a
scalar field χ, whose stress energy tensor is:
Tµν = χ,µχ,ν − 1
2
gµν(χ
,αχ,α + V (χ)). (3.1)
We are neglecting the gravitational field generated by the
scalar field itself, so the dynamics of the scalar field are
dictated by the Klein-Gordon equation in the Schwarzschild
background, Eq. (2.1). The equation of motion takes the
form:
1
r3
[

sc
tr +
sc
θϕ
]
(r χ)− d V (χ)
d χ
= 0, (3.2)
where we have defined the operators:

sc
tr = −
(
r2 + 2M r
)
∂2
∂t2
+
(
r2 − 2M r) ∂2
∂r2
+
4M r ∂
2
∂t∂r
− 2M ( ∂
∂t
− ∂
∂r
)− 2 M
r
, (3.3)

sc
θϕ =
∂2
∂θ2
+ 1
sin2 θ
∂2
∂ϕ2
+ cot θ ∂
∂θ
. (3.4)
Eq. (3.3) is for r χ, where again we are taking into account
the expected behavior of the scalar field in the region far from
the black hole, which goes as ∼ 1/r.
We will consider a scalar potential of the form V (χ) =
1
2
µ2 χ2, where µ is related to the mass of the scalar field mχ,
by µ =
mχ c
~
, where c is the speed of light and ~ the Planck
constant. The dynamical equation, Eq. (3.2), takes the form:
[

sc
rt +
sc
θϕ − r2 µ2
]
(r χ) = 0. (3.5)
Again, as long as the spherical harmonics of spin zero are
eigenfunctions of the angular operator (3.4) it follows that:

sc
θϕ Y0
l,m = −l (l + 1) Y0l,m. (3.6)
Then, we perform the following expansion:
χ =
∑
lm
χl,m(t, r)Y0
l,m(θ, ϕ). (3.7)
Replacing this expression in the Klein Gordon equation, to-
gether with Eq. (3.6), the dynamical equation for the scalar
field becomes
∑
lm
Y0
l,m [

sc
tr − l (l + 1)− r2 µ2
]
(r χl,m) = 0. (3.8)
It follows that each mode must satisfy that:
[

sc
tr − l (l + 1)− r2 µ2
]
(r χl,m) = 0. (3.9)
The radial and temporal dependence are determined by this
last 1 + 1 equation. In this way, given an initial condition
on the scalar field surrounding the black hole, we determine
the evolution of this field by means of Eq. (3.9). With this
field, we construct the corresponding stress energy tensor, and
apply the needed operators on such tensor, in order to deter-
mine the final source term S in the gravitational perturbation
equation, Eq. (2.16). The explicit derivation and construc-
tion of the source term S(χlm) is as follows: starting from
the scalar field stress energy tensor Eq. (3.1), we perform the
corresponding projections along the null vectors needed in
Eq. (2.6):
kµ kν Tµν = (k
µ χµ)
2 =
(∑
lm
Al,m Y0
l,m
)2
, (3.10)
kµm∗ν Tµν = (kµ χµ) (m∗
µ χµ) = (3.11)
− 1√
2 r
(∑
lm
Al,m Y0
l,m
) (∑
lm
√
l (l + 1)χl,m Y−1l,m
)
,
m∗µm∗ν Tµν = (m∗
µ χµ)
2 =
1
2 r2
(∑
lm
√
l (l + 1)χl,m Y−1l,m
)2
, (3.12)
also we have taken into account the form of the null vectors,
Eq. (2.2) and the fact that
m∗µ ∂µ =
1√
2 r
(
∂θ − i
sin θ
∂ϕ
)
= − 1√
2 r
ð¯0, (3.13)
and we have defined the quantities,
Al,m = ∂t χl,m − ∂r χl,m. (3.14)
4Notice that the action of the eth operator on the spherical
harmonics are given in Eq. (2.8) for s = 0. Applying it into
the scalar field, we get:
m∗µ χµ = − 1√2 r ð¯0
∑
lm
χl,m Y0
l,m =
1√
2 r
∑
lm
√
l (l + 1)χl,m Y−1l,m. (3.15)
The action of the eth operators on pairs of spherical harmonic
is the following:
ð¯−1 Y0l1,m1 Y−1l2,m2 = −
√
(l2 − 1) (l2 + 2)Y0l1,m1 Y−2l2,m2
−
√
l (l1 + 1)Y−1l1,m1 Y−1l2,m2 . (3.16)
ð¯−1 ð¯0 Y0l1,m1 Y0l2,m2 =√
(l1 − 1) l1 (l1 + 1) (l1 + 2)Y0l2,m2 Y−2l1,m1
+
√
(l2 − 1) l2 (l2 + 1) (l2 + 2)Y0l1,m1 Y−2l2,m2
+2
√
l1 (l1 + 1) l2 (l2 + 1)Y−1l1,m1 Y−1l2,m2 . (3.17)
Applying the radial-temporal operators on χl,m(t, r), we fi-
nally obtain the expression for the source term for the gravi-
tational perturbation due to the scalar field.
In order to have a clearer understanding for the process
in a particular example, we present explicitly the case when
the scalar field is expanded up to the l = 2 harmonic mode
number, (there is a sum over mi) with |mi| ≤ li, (i = 0, 1, 2).
χ = χ0,0 Y0
0,0 + χ1,m1 Y0
1,m1 + χ2,m2 Y0
2,m2 . (3.18)
The derivatives along the null directions are:
kµ χµ = A0,0 Y0
0,0 + A1,m1 Y0
1,m1 + A2,m2 Y0
2,m2 ,
(3.19)
m∗µ χµ =
1
r
(
χ1,m1 Y−1
1,m1 +
√
3χ2,m2 Y−1
2,m2
)
,
the corresponding projections on the stress energy tensor are
kµ kν Tµν =
(
A0,0 Y0
0,0 + A1,m1 Y0
1,m1 + A2,m2 Y0
2,m2
)2
,
kµm∗ν Tµν = 1r
(
A0,0 Y0
0,0 + A1,m1 Y0
1,m1 + A2,m2 Y0
2,m2
)×(
χ1,m1 Y−1
1,m1 +
√
3χ2,m2 Y−1
2,m2
)
, (3.20)
m∗µm∗ν Tµν = 1r2
(
χ1,m1 Y−1
1,m1 +
√
3χ2,m2 Y−1
2,m2
)2
.
The expression for the source term in this particular case is
T = 2
r2
(A0 Y00,0 Y−22,m2 +A1 Y01,m1 Y−22,m2+
A2 Y02,m2 Y−22,m2 +A3
(
Y−11,m1
)2
+A4
(
Y−12,m2
)2
+
A5
(
Y−11,m1 Y−12,m2
)
, (3.21)
where
A0 =
√
6χ2,m2
(
∂t A0,0 − ∂r A0,0 − 2 A0,0r
)
,
A1 =
√
6χ2,m2
(
∂t A1,m1 − ∂r A1,m1 − 2 A1,m1r
)
,
A2 =
√
6χ2,m2
(
∂t A2,m2 − ∂r A2,m2 − 2
A2,m2
r
)
,
A3 = −
(
(A1,m1)
2 − (χ1,m1
r
)2)
,
A4 = −3
(
(A2,m2)
2 − (χ2,m2
r
)2)
, (3.22)
A5 = −2
√
3
(
A1,m1A2,m2 − χ1,m2χ2,m2r2
)
.
Finally, we multiply by the conjugate of Y−2l3,m3 , and
perform the integration over the solid angles, that is, S =∮
Y¯ l3,m3−2 T dΩ. It can be seen that this implies the integra-
tion over the solid angle of the product of three spin weighted
spherical harmonics:
∮
Y2
l′′,m′′ Ys2
l2,m2 Ys3
l3,m3 dΩ. These
integrals are well known in terms of the Wigner matrices, see
for example [22], and have a closed expression.
Using these expressions, the evaluation of the angular ma-
trices appearing in the expression for the source term T , is
straightforward.
For the case when the scalar field is described by the
monopole, dipole and quadrupole components, Eq. (3.18), the
source term is:
S(χl,m) =
2
r2
5∑
i=0
CiAi(χl,m), (l = 1, 2, 3) (3.23)
where the functions Ai are given in Eq. (3.22), and the coef-
ficients Ci are the corresponding integrals of three spherical
harmonics determined by the expressions given by the Wigner
matrices.
There are some remarkable facts to notice right away in
the source term. First, notice that the monopolar term of the
scalar field, Eq. (3.18), does have an influence on the gravi-
tational response, by means of its coupling with quadrupole
mode. Since the first term of Eq. (3.21) in general is differ-
ent from zero. Also, it can be seen in the source term that
the dipole mode of the scalar field, generates a gravitational
response without the need of coupling with other modes. In-
deed, the dipole term, as any other mode of the scalar field,
evolves by itself, without coupling, following the evolution
determined by the Klein-Gordon equation, Eq. (3.9), with
l = 1. The source for the gravitational wave, however, not
only implies a coupling among the modes, but the action of
the operators on the stress energy tensor. Indeed, from Eqs.
(3.10)-(3.12), we see that the projections of this tensor on
the null tetrad, generates terms with spherical harmonics of
weight −1; the action of the operators given in Eqs. (2.7), fur-
ther changes the spin weight of the original modes, as well as
the coupling among them. This explains how an initial dipole
mode awakes a gravitational response which is quadrupole,
even without coupling.
In the next section, we will present several cases of the
quadrupole gravitational radiation, generated by different ini-
tial configurations of the scalar field.
IV. SCALAR FIELD ACCRETION AND
GRAVITATIONAL RESPONSE
In order to solve numerically the Eqs. (2.16), we define the
auxiliary variables:
Ψ
(g)
l,m := ∂rΦl,m and Π
(g)
l,m :=
r + 2M
r
∂tΦl,m−2 M
r
Ψ
(g)
l,m .
(4.1)
Then the following first order linear system of evolution
equations is obtained for the gravitational wave:
5∂t Φl,m =
1
r + 2M
(
rΠ
(g)
l,m + 2M ψ
(g)
l,m
)
, (4.2)
∂t ψ
(g)
l,m = ∂r
(
1
r + 2M
(
rΠ
(g)
l,m + 2M ψ
(g)
l,m
))
, (4.3)
∂t Π
(g)
l,m =
1
r + 2M
(
2M ∂r Π
(g)
l,m + r ∂r ψ
(g)
l,m
)
+
2
r (r + 2M)2
((
2 r2 + 5M r + 4M2
)
Π
(g)
l,m+
(r + 4M) (2 r + 3M)ψ
(g)
l,m
)
+
(
2
M
r3
− (l − 1) (l + 2)
r2
)
Φl,m + S(χl,m). (4.4)
We also perform a first order decomposition to obtain the dy-
namics of the scalar field. The equations are quite similar to
the gravitational case under the same first order decomposi-
tion
Ψ
(sc)
l,m := ∂r(r χl,m), (4.5)
Π
(sc)
l,m :=
r + 2M
r
∂t (r χl,m)− 2 M
r
Ψ
(sc)
l,m ,
the temporal derivative satisfies:
∂tΠ
sc
l,m =
1
r+2M
(
2M ∂r Π
sc
l,m + r ∂r ψ
sc
l,m
)
, (4.6)
+ 2
r (r+2M)2
(
ψscl,m − Πscl,m
)
+
(
2M
r3
− l(l+1)
r2
+ µ2
)
χl,m.
We used the method of lines with a third order Runge Kutta
time integration and finite differencing with sixth order ac-
curate stencils. The inner boundary is chosen to be inside
the horizon, since this region is causally disconnected from
the exterior no boundary conditions are required. The outer
boundary is typically located at r = 800M (although in some
cases we put it at r = 1600M), and at the last point of the
grid we set up all the incoming modes to zero.
1. Dependence of the gravitational signal on the mass of
the scalar field
As a first approximation, we study the behavior of the grav-
itational signal when only one mode of scalar field falls onto
the black hole. We have used different values for the mass of
the scalar field. In [23], it is shown that the accretion rate
of the scalar field depends strongly on the values of M and
µ. This is due to the relation between the Compton wave-
length of the scalar field and the Schwarzschild radius. If
the wavelength is greater than the size of the black hole, al-
most all the field will be scattered, on the other hand if the
wavelength is smaller, the accretion is very likely. To model
the accretion of the scalar field cloud onto the black hole, we
start with the harmonic decomposition, Eq. (3.7). In order to
have a better understanding of the process, we consider that
the field has a dipole component only i.e. the unique coeffi-
cient different from zero of the expansion given in Eq. (3.7)
is the one that multiplies at Y1,1, the coefficient χ1,1. As
an initial data we chose a Gaussian perturbation of the form
χ1,1 = Ae
−(r−r0)2/σ2/r where r0 corresponds to the center of
the Gaussian, A is its amplitude and σ is its width. For a typ-
ical run the pulse is centered at r0 = 10M . The gravitational
mode R2,m on the other hand, is initially set to zero. With
this initial data we are interested in the gravitational signal
produced when the scalar field falls into the black hole. As
expected, the picture is that part of the initial scalar field falls
into the black hole and some of the field is scattered away by
the black hole. As a result, one can expect that the gravita-
tional wave is determined by the properties of the black hole
and, also, by the properties of the scalar field scattered. We
considered an interval of the mass of the scalar field from 0
up to 1 in order to study the imprint of the scalar field mass
on the gravitational signal. In figure 1 we plot in log scale the
gravitational response for this in-falling matter. One can see
that the amplitude increases as the mass increases. Notice
also that the ring down behavior is shorter as the mass of the
scalar field increases, allowing to tail behavior appear at ear-
lier times. We repeated this situation but with an initial data
of the form χ2,1 = Ae
−(r−r0)2/σ2/r. The result is that for the
massless case the amplitude of the signal becomes greater, but
the frequency of the signal is unchanged. The tail behavior
is, however, somehow different and presents an unique fea-
ture. For the massless case the tail of the gravitational wave
generated is similar to the standard case i.e. goes like ∼ t−7.
However for the massive case, the tail of the wave generated
goes like ∼ t−2.5, see figure 1. This result could be used as a
basis for a deeper study on the tail behavior of gravitational
waves in the presence of matter. As long as it could be used
to discriminate the type of matter that generated the gravi-
tational signal. In order to get the late time behavior we used
a sixth order stencil in the radial derivatives of the functions.
Since the amplitude of the signal in the massless case is very
small, we were unable to follow the signal for long compu-
tational times since we reach the roundoff error. However,
we are confident that the signal follows this behavior as long
as we acquire the convergence desired. The final power law
was fitted using the interval of time from 200 to 300 for the
massive case and 300 to 400 for the massless one.
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FIG. 1: As the mass of the scalar field increases, the am-
plitude of the gravitational signal produced by the accretion
increases. We show the signal measured by an observer lo-
cated at 70M. Notice there is no change in the frequency of
the signal that corresponds to different values on the scalar
field perturbation. In the panel above the mode was χ1,1, in
the panel below χ2,1.
62. Dependence on the properties of the scalar field
A study of the accretion process of dust shells onto a
Schwarzschild black hole was done in references [16, 24]. In
these works it was shown that the properties of the shells play
an important role in the gravitational signal produced. If the
shell is compact enough then the corresponding gravitational
wave is the one that corresponds to the quasi normal modes
of the black hole. But if the shell is very spread then the
in-falling matter does not produce the typical ring down be-
havior of the black hole. When the in-falling matter is a scalar
field there is not such behavior. The ring down is produced
independently of the width values of the initial perturbation
that we considered. The change in compactness is only re-
flected in the amplitude of the gravitational signal. In figure
2 it is shown the gravitational coefficient Φ2,m when a pulse
of scalar field with different widths is accreatted. We run
the code for several values of the σ parameter in the initial
Gaussian from σ = 0.2 up to 2.5. In this figure the mass of
the scalar field was µ = 0.01 and the initial amplitude of the
perturbation was the same for all the cases.
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FIG. 2: It is shown the gravitational signal Φ2,m produced by
the in-falling of a configuration of the scalar filed composed
with the harmonic Y1,1 for different values of σ. Notice that
the difference is only reflected in the amplitude, while the
other properties like the frequency of the ring down or the
tail remain the same.
As mentioned above, an important remark on the gravita-
tional wave generated by the scalar field accretion is that the
monopolar scalar mode does have an influence on the gravi-
tational wave, indeed as the zero mode couples to the 2 mode
in the sources of the perturbed equation, Eq. (2.14), this cou-
pling implies that gravitational waves are produced when a
spherical configuration of the scalar field surrounding a black
hole, is perturbed. In the decomposition of the scalar field
Eq. (3.18), we assume that the field is formed by the lin-
ear superposition of three modes that obey the Klein-Gordon
equation independently. In figure 3 we show the gravitational
signal that is produced when the in-falling scalar field has
monopolar and quadrupole modes. Notice that there is a
change in the amplitude of the signal but the frequencies are
the same, ie. the quasi normal modes of the black hole. Thus,
the accretion of the monopolar component of the scalar field,
plays a role in enhancing the gravitational signal.
We performed a similar analysis for the dipole and
quadrupole modes. The results are shown in figure 3, where it
can be seen that, even though the dynamics of the scalar field
is quite different, the gravitational response is only modified
in its amplitude. Notice also that the tail behavior in this
case is unaffected.
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FIG. 3: In the above panel we superpose (in log scale) the
gravitational signal produced by the in-falling scalar field
when it is composed by two modes χA = χ0,0 Y0
0,0+χ2,2 Y0
2,2
and compare with the case when the gravitational wave is
produced by the in-falling of a couple of different modes,
χB = χ1,1 Y0
1,1 + χ2,1 Y0
2,1. The amplitude of the former
is lower, however, the frequencies and the late time behavior
is the same in both cases. In the bottom panels we show the
signal of the massless scalar field, multiplied by r measured
by an observer located at r = 70M .
V. DISCUSSION
Following the accretion processes described in references
[16, 24–26], we have studied numerically the gravitational re-
sponse of a black hole for several cases of the in-falling scalar
field.
We have discussed the importance of in-falling scalar field
in the generated gravitational signal, showing how the ring-
down behavior is preserved, unlike the dust shell case in which
the width of the pulse was crucial in order to produce the quasi
normal ringing of the black hole. The scenario in which our
model may be important is the one in which an halo of dark
matter, modeled as an scalar field, surrounds a black hole.
Since it is expected that the field falls into the black hole a
gravitational signal may be produced as a result of the the
perturbation onto the black hole.
We studied the properties of the gravitational wave pro-
duced by accretion of a test scalar field. In particular, we were
interested on the properties of the field that are reflected in
the gravitational signal. Such properties are the mass of the
boson, the amplitude of the perturbation, and the radial ex-
tension of the field as a bulk. We found that, unlike the case
of a dust shell the compactness of the shell does not affect the
ring down behavior of the gravitational wave. We also found
that although the frequency of the scalar field propagating
on a Schwarzschild background is different from the one asso-
ciated with the gravitational perturbation, the gravitational
signal preserves its natural frequency (the characteristic ring
7down) no matter that the scalar signal travels together the
gravitational one. In particular we reproduced the behavior
of mass and massless scalar fields in a Schwarzschild space
time that has been studied in detail for both linearized and
fully nonlinear evolutions [7].
The late time behavior of a massive scalar field in the
Schwarzschild space time was studied both numerically and
analytically in the past by [7] and [8]. These authors showed
that the tail behavior of the scalar field goes like t−5/6 sin(µt).
We found that the tail behavior of the gravitational signal is
in fact modified by the scalar field and, as mentioned in the
introduction, this fact allows us to determine some properties
of the source which generated such gravitational wave.
It is known that the tail behavior of a scalar field depends
strongly of the properties of the potential. In reference [27]
the author considered a time dependent potential and showed
that the tail behavior actually changes from the standard
time independent potential. This phenomena was also consid-
ered in references [28] where the authors considered a Vaidya
spacetime where the explicit change in the parameters of the
black hole is reflected in the quasi normal frequencies of the
scattered field.
The present work gives a solid base to analyze the grav-
itational waves generated by the scalar field accretion onto
a black hole, and sets us in a track that should be follow
on other cases, by continuing the comparison of gravitational
waves generated by different sources in several configurations,
as well as a direct analysis on the dynamical effects of the dif-
ferent gravitational waves on the actual interferometers. Us-
ing the formulation described in [29], the study presented in
this work could be generalized to the case of gravitational
waves from a spinning black hole, generated by the infall of
scalar field. This task is currently under way.
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